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Abstract: Due to internal symmetries of its ghost sector, the Poincare´ generators
of the Gribov-Zwanziger (GZ) model are not unique. The model apparently has
two linearly independent symmetric and conserved energy momentum tensors. We
show that these energy-momentum tensors are physically equivalent and differ by
unobservable conserved currents only. There is a single physical energy-momentum
operator that is invariant under all symmetries of the ghost sector, including Becchi-
Rouet-Stora-Tyutin (BRST). This resolves concerns about Poincare´ invariance raised
by the explicit x-dependence of the BRST operator. The energy, momentum and
angular momentum of physical states are well-defined quantities that vanish for the
ground state of this theory. We obtain and discuss the physical Ward identities
resulting from Poincare´ invariance.
PACS numbers: 11.15.-q, 11.30.Cp, 12.38.Aw
1. INTRODUCTION
The GZ-theory is a non-perturbative approach to QCD that self-consistently accounts
for infrared effects. The theory is defined by a local and renormalizable continuum action
that depends on a dimensionful parameter γ, the Gribov mass. This model was originally
proposed [1] to dynamically constrain a gauge theory to the first Gribov region [2] and the
gap equation that determines the value of the Gribov parameter γ, has become known as
∗ mschaden@rutgers.edu
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2the “horizon condition”. In [3] the value of γ was related to the trace anomaly of the energy
momentum tensor.
The nilpotent BRST symmetry of the GZ-theory is manifestly broken by, for instance,
the non-vanishing expectation value ,
〈 s∂µω¯aνb(x) 〉 = γ1/2δµνδab 6= 0, (1.1)
where ω¯aµb is one of the auxiliary ghost fields of the theory. If we assume the existence
of a well-defined BRST charge QB that effects the s-operation, {QB, ω¯aµb} = sω¯aµb, and a
vacuum state |vac〉, the expectation value 〈vac|{QB, ∂µω¯aνb(x)}|vac〉 6= 0 formally implies
that QB|vac〉 6= 0.
Compared to perturbative Faddeev-Popov theory, the GZ-model not only includes a large
number of additional unphysical fields but also a large number of symmetries under which
physical observables are required to be invariant. Since these symmetries (including BRST)
and their breaking are not observable as multiplets of degenerate physical excitations, we
called them phantom symmetries in [3]. For convenient reference, the charges of some of
these phantom symmetries are given in Appendix A. We refer the reader to the appendix
of [3] for the definitions of the full set of phantom symmetry generators,
F = {QB, QN , Q+, Qϕ¯,µ, Qω¯,µ, QaG, QaC , QaNL, Qac¯ , QR,µa, QS,µa, QE,µν ab, QF,µν ab, QaU,µb, QaV,µb} ,
(1.2)
of this model. For a review of earlier work, see [4].
In [3] we reconstructed the physical states of the theory from the physical observables F ,
Wphys = {F ; [QX , F ] = 0, for all QX ∈ F} , (1.3)
that commute with all phantom symmetry generators QX . The expectation value of a
functional F ∈ Wphys by this definition does not depend on the choice of vacuum state.
With the hypothesis of [3] that BRST-exact physical observables have vanishing expectation
value,
sF ∈ Wphys ⇒ 〈sF 〉 = 0 , (1.4)
BRST-exact physical states form a null-space, and GZ-theory provides a quantization of
classical Yang-Mills theory. If this hypothesis holds, the spontaneous breaking of phantom
symmetries is segregated from the physical sector.
3However, the phantom symmetries allow the construction of a second linearly independent
conserved symmetric tensor. It is composed of conserved Noether currents that correspond
to a Poincare´ algebra of internal phantom symmetries. Since any linear combination of
the two conserved symmetric tensors potentially is an EM-tensor, the definition of energy,
momentum and angular momentum in this theory appears ambiguous. We shall see that
this is not the case. Energy, momentum and angular momentum in fact operate uniquely
on Wphys. Perhaps surprisingly, these generators are not the canonical ones of translations
and rotations.
When the horizon condition is fulfilled, all vacua of the model have the same energy
and are degenerate. They break BRST and other phantom symmetries, but are physically
equivalent and have vanishing momentum and angular momentum. In view of Eq. (1.1)
this claim may appear preposterous. It holds because the canonical generators of unbroken
translations, P̂µ, do not commute with the BRST-charge QB of this model. Despite its
spontaneously broken BRST-symmetry, the GZ-theory thus is remarkably consistent.
This article is organized as follows. In the next section we introduce the GZ-model
and fix notation. We discuss the horizon condition and BRST-symmetry of the theory.
Sect. 3 examines the generators of translations and Euclidean rotations of the model and
their relation to other generators and in particular BRST: in Sect. 3A we find that the
canonical generators of space-time isometries do not commute with the BRST-charge QB
and other phantom charges of the model; the Poincare´ algebra that commutes with all
generators of unphysical symmetries is found in Sect. 3B and related to the canonical one;
Sect. 3C examines how space-time isometries transform physical states of the theory. The
(conserved) energy-momentum tensor is discussed in Sect. 4. We consider the physical
energy momentum tensor of [3] in Sect. 4A and relate it to the energy momentum tensor
of Belinfante in Sect. 4B. The difference between the two tensors is a symmetric tensor
that is conserved up to equations of motion of unphysical fields only. Its expectation value
vanishes due to the horizon condition. The energy-momentum and angular momentumWard
identities are derived in Sect. 5, and we show that they reduce to those of Faddeev-Popov
theory for physical operators provided that the hypothesis of Eq. (1.4) holds. In Sect. 5A
we derive an alternate, but equivalent, form of the Ward identity by a different method and
show that it too reduces to the physical one when the hypothesis holds. Sect. 6 summarizes
and discusses our results. The phantom symmetry generators we use are compiled in App. A
4and the energy-momentum tensor of Belinfante of the GZ-theory is derived in App. B.
2. THE LOCAL GZ-ACTION AND SPONTANEOUSLY BROKEN BRST
The GZ-model proposed in [1] is defined by the Euclidean continuum action,
S ≡
∫
ddxL ≡
∫
ddx(LYM + Lgf) , (2.1)
where LYM = 1
4
(Fµν)
2, with Fµν = ∂µAν − ∂νAµ + Aµ × Aν , is the gauge-invariant Yang-
Mills Lagrangian with gauge potential Aµ. Here and in the following we suppress the gauge
coupling constant and explicit adjoint color indices when possible. Associating upper Latin
indices with color and lower Latin indices with ‘flavor’, we adopt the following notation [3, 5]:
(X × Y )a ≡ gfabcXbY c and (X×˜Y )a ≡ gfabcXbYc. TrX ≡
∑
aX
a
a is the diagonal trace of
the matrix X . We also introduce a dot product X · Y = ∑abXab Y ab that sums over color
and, if applicable, flavor. The gauge covariant derivative of the adjoint representation in
this notation is DµX ≡ ∂µX + Aµ ×X .
The local gauge-fixing part Lgf of the GZ-model is given by,
Lgf = i∂µb · Aµ − i∂µc¯ ·Dµc+ ∂µϕ¯νb ·Dµϕνb − ∂µω¯νb · [Dµωνb + (Dµc)× ϕνb]
+γ1/2Tr[Dµ(ϕµ − ϕ¯µ)− (Dµc)× ω¯µ]− γd(N2 − 1) . (2.2)
The first two terms of Lgf are familiar from perturbative Faddeev-Popov theory in Landau
gauge. The additional terms involve auxiliary fermionic and bosonic ghost fields ϕ, ω, ω¯, ϕ¯.
The nilpotent BRST-variation of the fields is given by,
sAµ = Dµc sc = −12c× c
sc¯ = b sb = 0
sϕaµb = ω
a
µb sω
a
µb = 0
sω¯aµb = ϕ¯
a
µb + γ
1/2xµδ
a
b sϕ¯
a
µb = 0, (2.3)
and Lgf formally is a BRST-exact extension of the Yang-Mills Lagrangian given by the
gauge-fixing fermion Ψ,
Lgf = sΨ, with Ψ ≡ i∂µc¯ · Aµ + ∂µω¯ν ·Dµϕν − γ1/2TrDµω¯µ . (2.4)
5The generator of BRST transformations corresponding to Eq. (2.3) is,
QB =
∫
ddx Tr
[
(Dµc) · δ
δAµ
− 1
2
(c× c) · δ
δc
+ b · δ
δc¯
+ ωµ · δ
δϕµ
+ ϕ¯µ · δ
δω¯µ
+ γ1/2xµTr
δ
δω¯µ
]
.
(2.5)
Note that the inhomogeneous term proportional to xµ in the BRST-variation of ω¯
a
µb in
Eq. (2.3) does not lead to an explicit coordinate dependence of Lgf in Eq. (2.2), because the
gauge fermion Ψ depends on ∂µω¯
a
νb and TrAµ × ω¯µ only.
For γ 6= 0, the inhomogenous transformation of ω¯ in Eq. (2.3) implies that this BRST-
symmetry of the theory is spontaneously broken.1 Requiring the effective action to be
stationary with respect to γ at vanishing quantum fields gives the ”horizon condition”,
〈Tr[Dµ(ϕµ − ϕ¯µ)− ω¯µ ×Dµc]〉 = 2γ1/2d(N2 − 1), (2.6)
which is a gap equation that implicitly determines [1, 8, 9] the Gribov mass γ. Eq. (2.6) was
originally [1] derived as a necessary condition for field configurations in Landau gauge to be
dynamically constrained to the first Gribov region. The calculation of the trace anomaly
in [3] confirms that a non-vanishing positive value of γ is energetically favored and that
BRST in this model thus is spontaneously broken.2
[The theory with γ 6= 0 can be formally obtained from the theory with γ = 0 by a shift
of the bose ghost fields ϕaµb(x) → ϕaµb(x) − γ1/2xµδab and ϕ¯aµb(x) → ϕ¯aµb(x) + γ1/2xµδab [8].
(The explicit x-dependence cancels out of the action.) In this way the shifted action inherits
all the obvious symmetries of the unshifted action, which are otherwise not so easily found
by inspection of the shifted action. (These symmetries are given in the appendix of [3].)
However, once found, they are true and valid symmetries of the (shifted) action, Eq. (2.2),
as one may verify by direct calculation, without introducing the unshifted action or the
shift. The symmetries are transformations of fields within a Hilbert space, whereas the shift
takes one to an orthogonal space. For this reason, in the present article, the shift and the
unshifted fields make no appearance (outside this paragraph).]
On a finite volume with periodic boundary conditions for all fields, the transformation
of Eq. (2.3) has to be modified since xµ is not a periodic function. This clarifies the spon-
taneous breaking of the fermionic BRST-symmetry of this theory and gives a criterion for
1 Another approach considers the same theory from the point of view of a different, explicitly broken, BRST
symmetry [6]. The soft breaking of BRST has been extended to include dimension two condensates [7].
2 To derive local Ward identities, it is sufficient [4] that the local generator δǫ ≡ ǫ(x)s exists and acts on
the Lagrangian density according to δǫL = jBRST,µ ∂µǫ.
6determining whether the expectation value of a local BRST-exact functional vanishes in the
thermodynamic limit. It was proven [3] that 〈sF 〉 = 0 for a physical observable F with local
support, if in the continuum limit
lim
|x|→∞
|x|d 〈F sTrDµϕµ(x)〉 = lim
|x|→∞
|x|d 〈F Tr(Dµωµ +Dµc× ϕµ)(x)〉 = 0 , (2.7)
where d is the dimension of Euclidean space-time. This in particular generally holds if the
correlation function of Eq. (2.7) is regular in momentum space at p2 = 0. [The criterion of
Eq. (2.7) in this sense expresses the requirement that the state F |vac〉 in canonical quantiza-
tion does not couple to massless (Goldstone) excitations of the spontaneously broken BRST
symmetry].
Remarkably, the criterion of Eq. (2.7) for instance can be used to show [3] that,
0 = 〈sTrDµω¯ν〉 = 〈Tr[Dµϕ¯ν + ω¯ν ×Dµc]〉+ γ1/2(N2 − 1)δµν , (2.8)
when Eq. (2.6) is satisfied. Eq. (2.8) will establish that the energy density of the vacuum
is well defined. Together with Euclidean rotation symmetry, Eq. (2.8) implies the stronger
statement,
〈Tr[Dµϕν ]〉 = −〈Tr[Dµϕ¯ν + ω¯ν ×Dµc]〉 = γ1/2(N2 − 1)δµν , (2.9)
when the horizon condition of Eq. (2.6) is satisfied.
3. POINCARE´ SYMMETRY
Although the theory has been continued to Euclidean space-time, we ignore the signature
of the metric in most of the following and collectively refer to translations and SO(4)-
rotations of Euclidean space-time as Poincare´ symmetries and the algebra of their generators
as a Poincare´ algebra.
A. Canonical Poincare´ Generators
The canonical generators of translations, P̂ν , of this model are,
P̂ν =
∫
ddx p̂ν , (3.1)
7with the densities,
p̂ν ≡ ∂νAµ · δ
δAµ
+ ∂νb · δ
δb
+ ∂νc · δ
δc
+ ∂ν c¯ · δ
δc¯
+ ∂νϕµ · δ
δϕµ
+∂νϕ¯µ · δ
δϕ¯µ
+ ∂νωµ · δ
δωµ
+ ∂ν ω¯µ · δ
δω¯µ
. (3.2)
Due to the interaction γ1/2TrDµ(ϕµ − ϕ¯µ) in Lgf of Eq. (2.2), the auxiliary ghost fields
canonically transform as vectors under Euclidean rotations. The corresponding canonical
angular momentum generators are,
M̂µν =
∫
ddx
[
xµp̂ν + Aν · δ
δAµ
+ sµν
]
− [µ↔ ν], (3.3)
with
sµν = ϕν · δ
δϕµ
+ ϕ¯ν · δ
δϕ¯µ
+ ων · δ
δωµ
+ ω¯ν · δ
δω¯µ
. (3.4)
The operators P̂µ and M̂µν are symmetries of the action,
[P̂µ, S] = [M̂λµ, S] = 0. (3.5)
and satisfy the commutation relations of a (Euclidean) Poincare´ algebra,
[P̂µ, P̂ν ] = 0; [M̂λµ, P̂ν ] = δλνP̂µ − δµνP̂λ
[M̂λµ,M̂στ ] = δλσM̂µτ − δµσM̂λτ − δλτM̂µσ + δµτM̂λσ. (3.6)
Remarkably, the BRST-operator QB of Eq. (2.5) does not commute with the canonical
momentum operators P̂µ of this theory. We find that,
[QB, P̂µ] = γ1/2
∫
ddx Tr
δ
δω¯µ
= γ1/2Qω¯,µ , (3.7)
where Qω¯,µ ∈ F is the charge of a phantom symmetry ( see Eq. (A.5) of Appendix A).
Jacobi’s identity implies that Eq. (1.1) can be written in the form,
〈 s∂µω¯aνb(x) 〉 = 〈 {QB, [P̂µ, ω¯aνb(x)]} 〉 = 〈 [P̂µ, {QB, ω¯aνb(x)}] 〉+ 〈 {[QB, P̂µ], ω¯aνb(x)} 〉
= 〈 [P̂µ, {QB, ω¯aνb(x)}] 〉+ γ1/2δµνδab , (3.8)
where Eq. (3.7) was used to evaluate the last contribution. The fact that for γ > 0, P̂µ
and QB commute to a broken phantom symmetry already implies that the theory cannot
be invariant under both, translations and BRST.
8Unbroken invariance of an Euclidean field theory under a continuous symmetry generated
by a hermitian bosonic charge Q, is the statement that for any real parameter λ and local
functional F of the fields,
〈F 〉 ≡ 〈vac|F |vac〉 = 〈vac|eiλQFe−iλQ|vac〉
= 〈F 〉+ iλ 〈[Q,G(λ)]〉
with G(λ) = F + i
λ
2!
[Q,F ]− λ
2
3!
[Q, [Q,F ]] + . . . . (3.9)
This notion of an unbroken symmetry is readily extended to fermionic charges Q and a
graded algebra by introducing anti-commuting Grassmann parameters λ. With this exten-
sion Eq. (3.9) implies that,
Q generates an unbroken continuous symmetry ⇔ 〈[λQ, F ]〉 = 0 , (3.10)
for all local functionals F of the Euclidean field theory. A symmetry thus is unbroken if
the expectation value of the graded commutator of every local functional with its generator
vanishes. Since this holds for every local functional F , Eq. (3.9) and Eq. (3.10) may formally
be viewed as requiring that,
|λ〉 = e−iλQ|vac〉 = |vac〉 or that Q|vac〉 = 0 , (3.11)
for an unbroken symmetry. In the Euclidean theory Eq. (3.11) is somewhat formal. Ac-
cording to the reconstruction theorem[3, 10], the action of a functional derivative operator
(like the charge) on a state of the theory represented by the functional F , is given by
Q|F 〉 ≡ [Q,F ]|vac〉 = |[Q,F ]〉. The vacuum is represented by the unit functional and thus
Q|vac〉 ≡ [Q, 1]|vac〉 = 0 necessarily vanishes. However, the reconstruction theorem pre-
sumes that the ground state is unique. In a theory with a spontaneously broken symmetry,
the representation of the vacuum state by unity makes sense only for the restricted set of
(invariant) physical observables [3]. Eq. (3.9) and Eq. (3.10) do not require this restriction
and allow us to discuss spontaneous symmetry breaking on the full space of all functionals
of the theory.
We require the theory to be translationally invariant. The ground state, |vac〉, is trans-
lationally and rotationally invariant if,
P̂µ|vac〉 = M̂µν |vac〉 = 0 , (3.12)
9in the sense (just discussed) that the expectation value of the commutator of any local func-
tional with the canonical momentum or angular momentum vanishes. For γ > 0, Eq. (3.8)
then implies that this vacuum is BRST variant,
QB|vac〉 6= 0 , (3.13)
because the expectation value of the commutator of QB with [P̂µ, ω¯aνb(x)] = ∂µω¯aνb(x) does
not vanish.
In the sense of Eq. (3.9), |λ〉 ≡ e−iλQB |vac〉 = |vac〉 + iλQB|vac〉 are (formal) states for
which 〈λ|F |λ〉 = 〈vac|F |vac〉 for any physical observable F ∈ Wphys. We have that the
expectation value of any BRST-invariant functional is the same in all these states,
〈λ|F |λ〉 = 〈vac|F |vac〉+ i〈vac|[λQB, F ]|vac〉 = 〈vac|F |vac〉. (3.14)
This in particular holds for any BRST-exact functional F = sX and implies that BRST is
spontaneously broken in any state |λ〉 if it is broken in one of them. The horizon condition
of Eq. (2.6) also is satisfied for all states |λ〉 if it holds in one of them.
However, the formal states |λ〉 do not all have vanishing ghost number QN and momentum
P̂µ. We have that QN |λ〉 = −iλQB |vac〉 6= 0 and P̂µ|λ〉 = iλγ1/2Qω¯,µ|vac〉 6= 0 if |vac〉 has
vanishing ghost number and satisfies Eq. (3.12). In particular,
〈λ| [P̂µ, ω¯ν] |λ〉 = 〈vac| [P̂µ, ω¯ν ] |vac〉+ iλ〈vac| {QB, [P̂µ, ω¯aνb(x)]} |vac〉
= 〈vac| [P̂µ, ω¯ν + iλ{QB, ω¯aνb(x)}] |vac〉+ iλγ1/2δµνδab , (3.15)
where we again used Jacobi’s identity as in Eq. (3.8).
Requiring that ghost number and translational symmetry remain unbroken thus con-
strains the number of admissible vacua. Even though the parameter λ here is anti-
commuting, this is somewhat analogous to the spontaneous breaking of a global bosonic
symmetry like O(n): O(n)-symmetric functionals have the same expectation value for any
degenerate vacuum, but only some of the vacua are invariant under subgroups of O(n) that
are not broken.
In the following we assume that the GZ-theory has a (unique) ground state |vac〉 that in
addition to Eq. (3.12) also satisfies,
QN |vac〉 = Q+|vac〉 = QR,µa|vac〉 = QaC |vac〉 = 0 , (3.16)
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in the sense that the vacuum expectation value of the (graded) commutator of any functional
with these charges vanishes. All other phantom symmetries apparently are spontaneously
broken for γ > 0. One of the more interesting unbroken phantom symmetries is generated
by QR,µa, defined in Eq. (A.14). This symmetry arises due to the absence of a vertex
containing c¯ and ω in Lgf and implies that any functional with a positive number of FP-
ghosts, #c > #c¯, has vanishing expectation value. The c− ω¯-propagator of this theory thus
vanishes. An unbroken QR-symmetry implies that the propagator of the auxiliary fermi
ghosts and of the FP-ghosts are related [3],
0 =
〈
[QR,µa, ω
b
νc(x)c¯
d(y)]
〉
A
= δacδµν
〈
cb(x)c¯d(y)
〉
A
+ i
〈
ωbνc(x)ω¯
d
µa(y)
〉
A
, (3.17)
where 〈. . .〉A denotes the expectation value for a fixed background connection.
B. Invariant Poincare´ Generators
Since the generators of translations P̂µ do not commute with QB and other phantom
symmetries, it is not immediatly apparent that Wphys is closed under space-time isometries.
We here show that it is. We also show this for rotations.
In [3] we considered a Poincare´ algebra of operators that commute with the BRST charge
QB of Eq. (2.5). The momenta Pµ of this invariant Poincare´ algebra are,
Pµ = P̂µ + γ1/2(Qϕ¯,µ −Qϕ,µ) . (3.18)
For γ > 0, the Pµ do not simply generate space-time translations of the ghost fields. How-
ever, the additional conserved charges are associated with internal color-singlet phantom
symmetries. They are given in Eq. (A.3) and Eq. (A.7) of Appendix A.
The angular momenta of this invariant Poincare´ algebra similarly differ from the canonical
generators of Euclidean rotations of Eq. (3.3) by phantom charges only,
Mµν = M̂µν −QM,µν . (3.19)
The generators of internal SO(4)-rotations of auxiliary ghosts, QM,µν , are given in Eq. (A.10)
of Appendix A. Note that the auxiliary fields of the model do not transform as vectors and
that Mµν in this sense does not simply generate rotations of Euclidean space-time even for
γ → 0.
11
The invariant generators satisfy a Poincare´ algebra of their own,
[Pµ,Pν ] = 0; [Mλµ,Pν ] = δλνPµ − δµνPλ
[Mλµ,Mστ ] = δλσMµτ − δµσMλτ − δλτMµσ + δµτMλσ, (3.20)
and are symmetries of the action S of Eq. (2.1) as well,
[Pµ, S] = [Mλµ, S] = 0. (3.21)
More importantly, unlike the algebra of canonical generators of translations and Euclidean
rotations, P̂µ and M̂µν , the invariant Poincare´ generators commute with all the charges of
phantom symmetries of Eq. (1.2) defined in [3], including the BRST charge QB,
[QX ,Pν ] = [QX ,Mλµ] = 0 for all QX ∈ F . (3.22)
Note that Eq. (3.20) and Eq. (3.22) imply that the phantom charges,
P˜µ = Pµ − P̂µ ≡ γ1/2(Qϕ¯,µ −Qϕ,µ) M˜µν =Mµν − M̂µν ≡ QM,µν , (3.23)
commute with the invariant generators, Pµ and Mµν , and form a closed internal Poincare´
algebra,
[P˜µ, P˜ν ] = 0; [M˜λµ, P˜ν ] = δλνP˜µ − δµνP˜λ
[M˜λµ,M˜στ ] = δλσM˜µτ − δµσM˜λτ − δλτM˜µσ + δµτM˜λσ . (3.24)
An indication that these phantom momenta and angular momenta may be unobservable
is that they are parts of BRST-doublets. The M˜µν = QM,µν = {QB, QN,µν}, given in
Eq. (A.10), are exact and [QB, P˜µ] = [QB, Qϕ¯,µ] = −Qω¯,µ as in Eq. (A.4). Note that the
momentum operators of the two Poincare´ algebras do not simply differ by a BRST-exact
charge.
C. Poincare´ symmetry of physical states
In [3] the physical states of GZ-theory are reconstructed from the physical observables
F ∈ Wphys given by Eq. (1.3). The Jacobi identity and Eq. (3.22) imply thatWphys is closed
under the invariant Poincare´ symmetry generated by Pν and Mµν ,
F ∈ Wphys ⇒ [Pµ, F ] ∈ Wphys and [Mµν , F ] ∈ Wphys , (3.25)
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since, for instance, [QX , [Pµ, F ]] = [Pµ, [QX , F ]] + [F, [Pµ, QX ]] = 0 for all F ∈ Wphys and
phantom charges QX . Further, since invariant and canonical Poincare´ generators differ only
by phantom symmetry charges that commute with F ∈ Wphys, the commutators of either
Poincare´ algebra with physical observables are the same. The set of physical observables
Wphys thus is closed under translations and Euclidean rotations,
[P̂µ, F ] = [Pµ, F ] ∈ Wphys and [M̂µν , F ] = [Mµν , F ] ∈ Wphys , (3.26)
and space-time symmetries transform physical observables in Wphys uniquely.
By the reconstruction theorem [3, 10] this translates into a space of physical states with
well-defined momentum and angular momentum. Consider for instance a physical state
|F 〉 = F |vac〉 corresponding to a physical observable F ∈ Wphys. Using Eq. (3.12), an
infinitesimal space-time translation changes this state by,
P̂µ|F 〉 = [P̂µ, F ]|vac〉 = [Pµ, F ]|vac〉 = |[Pµ, F ]〉 , (3.27)
which denotes a unique physical state. In this manner translations (and similarly Euclidean
rotations) of space-time map the physical subspace of the theory into itself. The commu-
tation relations of Eq. (3.20) imply that these maps form representations of the Poincare´
algebra. Space-time transformations thus are uniquely realized on the physical Hilbert space
of the model.
4. THE ENERGY MOMENTUM TENSOR
It is instructive to investigate the conserved currents associated with space-time symme-
tries of this model. From the foregoing we expect to find two linearly independent conserved,
symmetric and local energy momentum tensors: the Belinfante tensor, T̂µν(x), that couples
to a gravitational background and a physical observable, Tµν(x), that is invariant under all
phantom symmetries.
A. The physical energy-momentum tensor Tµν
The physical symmetric energy momentum tensor of the theory was derived in [3] . As
in Faddeev-Popov theory it takes the form,
Tµν = T
YM
µν + sΞµν , (4.1)
13
where TYMµν is the (phantom-invariant) energy-momentum tensor of classical Yang-Mills the-
ory,
TYMµν = Fµκ · Fνκ −
δµν
d
Fλκ · Fλκ . (4.2)
The additional BRST-exact contribution to Tµν of the GZ-theory is [3],
Ξµν = [i∂µc¯ · Aν + ∂µω¯κ ·Dνϕκ − γ1/2TrDµω¯ν ] + [µ↔ ν]
−δµν(i∂λc¯ · Aλ + ∂λω¯κ ·Dλϕκ − γ1/2TrDλω¯λ) (4.3)
with
sΞµν = {QB,Ξµν} = [i∂µb · Aν − i∂µc¯ ·Dνc + ∂µϕ¯κ ·Dνϕκ − ∂µω¯κ · (Dνωκ +Dνc× ϕκa)
+Trγ1/2(Dµϕν −Dµϕ¯ν −Dµc× ω¯ν)− 12δµν(2γ(N2 − 1) + Lgf)] + [µ↔ ν] . (4.4)
In [3] we found that sΞµν commutes with all phantom symmetry charges and thus,
TYMµν ∈ Wphys and sΞµν ∈ Wphys. (4.5)
If the hypothesis of Eq. (1.4) formulated in [3] holds, according to which the expectation
value of any BRST-exact observable of Wphys vanishes, the invariant energy-momentum
tensor Tµν = T
YM
µν + sΞµν of GZ-theory is physically equivalent to T
YM
µν . Although we
cannot prove the hypothesis in general, the expectation value, 〈sΞ〉 was found [3] to vanish
when the horizon condition of Eq. (2.6) is satisfied,
〈sΞµν〉 = δµν d− 2
d
γ1/2〈1
2
Tr[Dκ(ϕκ − ϕ¯κ)− ω¯κ ×Dκc]− γ1/2d(N2 − 1)〉 = 0 . (4.6)
It is remarkable but physically plausible, that the BRST-exact contribution to the energy-
momentum density of the vacuum vanishes only when the horizon condition is satisfied and
the effective action is stationary. In [3] this result was used to relate the trace anomaly of
the GZ-theory at the one-loop level to the trace anomaly of Yang-Mills theory. The latter
implies γ > 0 and the associated spontaneous breaking of phantom symmetries.
sΞµν ∈ Wphys and sΨ ∈ Wphys, are two examples of BRST-exact observables whose
expectation value was explicitly shown to vanish[3]. If the hypothesis that the expectation
value of any physical BRST-exact observable in Wphys vanishes holds true, one recovers the
same space of physical observables in GZ-theory as in perturbative Faddeev-Popov theory.
GZ-theory in this case is a particular quantization of YM-theory.
However, since the vacuum state as well as the EM-tensor of this theory are not unique,
we need to show that the vacuum of GZ-theory has a well-defined energy-momentum density.
Not so surprisingly anymore, this requires the horizon condition to be satisfied.
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B. The energy-momentum tensor of Belinfante
In Eq. (4.4) the auxiliary ghosts do not transform as vectors in a gravitational back-
ground3. The energy-momentum tensor of Belinfante may be derived by coupling to a
gravitational background in a manner that preserves the general covariance of the model
also for γ > 0. The calculation is straightforward but lengthy and has been relegated to
Appendix B. The conserved and symmetric EM-tensor T̂µν of Belinfante for the GZ-theory
one obtains is,
T̂µν = Tµν +∆µν (4.7)
where ∆µν(x) is itself a symmetric and conserved current,
∆µν =
[
γ(N2 − 1)δµν + ∂κ(Hκµν +Hκνµ −Hµνκ) + (4.8)
+γ1/2Tr
(
1
2
δµν∂κ(ϕκ − ϕ¯κ)− ∂νϕµ +Dµϕ¯ν + ω¯µ ×Dνc
)]
+ [µ↔ ν] ,
with
Hµνκ =
1
2
[ϕ¯µ ·Dνϕκ + ω¯µ · (ϕκ ×Dνc)− ω¯µ ·Dνωκ − ∂νϕ¯µ · ϕκ + ∂ν ω¯µ · ωκ] (4.9)
The contributions Hµνκ arise because the auxiliary ghosts of the model canonically transform
as vectors under Euclidean rotations. This difference of Eq. (4.8) to the physical EM-tensor
therefore does not even vanish for γ = 0.
We show in Appendix B that the divergence ∂ν∆µν is proportional to equations of motion
of the unphysical fields of the theory and thus vanishes on-shell. The canonical energy
momentum tensor of Belinfante as well as the physical one are thus conserved on-shell.
However, the Belinfante energy-momentum tensor does not commute with a number of
phantom symmetry charges, and in particular does not commute with the BRST charge
QB. It thus is not a physical observable of the theory. 〈T̂µν〉 nevertheless, by definition, is
the response to a change in the (classical) gravitational background.
The vacuum energy-momentum density in fact is well defined, since
〈∆µν〉 = 2δµν
d
[γ1/2Tr〈Dκϕ¯κ + ω¯κ ×Dκc〉+ γd(N2 − 1)] = 2δµν
d
γ1/2〈sTrDµω¯µ〉 = 0 , (4.10)
when Eq. (2.8) is satisfied. If the horizon condition holds, we thus have that,
〈T̂µν〉 = 〈Tµν〉 =
〈
TYMµν
〉
, (4.11)
and the vacuum energy-momentum density is well defined in this theory.
3 See the derivation in [3] or simply note that for γ = 0 they contribute to Tµν as scalar fields.
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5. WARD IDENTITIES FOR Tµν AND Mλµν
The symmetric physical energy-momentum tensor Tµν , given by Eqs. (4.1, 4.2 ,4.3), pro-
vides non-trivial Ward identities for gauge-invariant and therefore physical correlation func-
tions. In this section we derive and explore these basic physical Ward identities of the
theory.
The divergence of Tµν depends linearly on the equation of motion
δS
δΦi
. Rearranging terms
one obtains the identity
∂µTµν(x) = −gν(x)S, (5.1)
where gν(x) is the differential operator
gν(x) = ∂νAµ · δ
δAµ
− ∂µ
(
Aν · δ
δAµ
)
+ ∂νb · δ
δb
+ ∂νc · δ
δc
+ ∂ν c¯ · δ
δc¯
+∂νωµ · δ
δωµ
+ ∂ν ω¯µ · δ
δω¯µ
+ ∂νϕµ · δ
δϕµ
+ ∂νϕ¯µ · δ
δϕ¯µ
+γ1/2 Tr
(
δ
δϕ¯ν
− δ
δϕν
− iϕ¯ν × δ
δb
− iω¯ν × δ
δc¯
)
. (5.2)
The first two terms of gν(x) may be rewritten,
∂νAµ · δ
δAµ
− ∂µ
(
Aν · δ
δAµ
)
= Fνµ · δ
δAµ
− Aν ·Dµ δ
δAµ
. (5.3)
Note that for γ = 0, the terms of Eq. (5.2) (except for the total divergence ∂µ
(
Aν
δS
δAµ
)
) all
generate a space-time translation of the fields.
To arrive at a Ward identity, we insert the classical relation of Eq. (5.1) into a matrix
element,
〈O ∂µTµν(x)〉 = −〈O gν(x)S〉 =
∫
dΦ O gν(x) exp(−S) , (5.4)
where O is a generic functional of the fields. Functional integration by parts then gives the
Ward identity,
〈O ∂µTµν(x)〉 = −〈gν(x)O〉 . (5.5)
Because the energy-momentum tensor is symmetric, Tµν = Tνµ, the angular momentum
current,
Mλµν ≡ xλTµν − xµTλν , (5.6)
satisfies
∂νMλµν = xλ∂νTµν − xµ∂νTλν . (5.7)
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By the same reasoning as before, this gives the corresponding Ward identity
〈O ∂νMλµν(x)〉 = −〈(xλgµ(x)− xµgλ(x))O〉 . (5.8)
To obtain an identity among physical quantities only, consider Eq. (5.5) for an observable
O = I(A), where I(A) is a gauge-invariant functional of the gauge-connection A only,
I(gA) = I(A). Eq. (5.5) for this special case simplifies to,
〈I(A) ∂µTµν〉 =
〈
Fµν · δI[A]
δAµ
〉
, (5.9)
since the contribution from the second term of Eq. (5.3) vanishes, because I(A) is gauge
invariant and Dµ
δI(A)
δAµ
= 0. Decomposing the invariant energy-momentum tensor into the
classical one of Yang-Mills and the BRST-exact contribution Ξµν of Eq. (4.1), one finally
has, 〈
I(A) ∂µT
YM
µν (x)
〉
+ 〈s(I(A) ∂µΞµν)〉 =
〈
Fµν(x) · δI(A)
δAµ
(x)
〉
. (5.10)
Note that Eq. (5.10) uses that Ξµν anti-commutes with the phantom symmetry Qω¯,µ and
that sΞµν ∈ Wphys is an invariant operator and thus,
∂µsΞµν = [P̂µ, {QB,Ξµν}]
= {QB, [P̂µ,Ξµν ]}+ {[P̂µ, QB],Ξµν}
= s∂µΞµν − γ1/2{Qω¯,µ,Ξµν}
= s∂µΞµν . (5.11)
The first line of Eq. (5.11) expresses ∂µsΞµν in terms of functional derivative operators.
The second is Jacobi’s identity and Eq. (3.7) then gives the third line. The final result in
Eq. (5.11) uses that Ξµν , given by Eq. (4.3), anti-commutes with the phantom charge Qω¯,µ.
SinceWphys is closed under translations and sΞµν ∈ Wphys, we have that ∂µsΞµν = s∂µΞµν ∈
Wphys.
According to the hypothesis of Eq. (1.4), the expectation value of the BRST-exact phys-
ical observable in Eq. (5.10) vanishes (just as in perturbative Faddeev-Popov theory). We
conclude that gauge invariant physical operators I(A) = I(gA) satisfy the Ward identity,
〈
I(A) ∂µT
YM
µν (x)
〉
=
〈
Fµν(x) · δI(A)
δAµ
(x)
〉
, (5.12)
that involves gauge-invariant observables only. Let us now use an entirely different approach
to derive the same physical Ward identity.
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A. An alternate direct point of view
A simple calculation of the divergence of the gauge-invariant Yang-Mills part of the
energy-momentum tensor of Eq. (4.2) yields,
∂µT
YM
µν = Fµν ·
δSYM
δAµ
. (5.13)
Decomposing the total action of Eq. (2.1) in S = SYM + Sgf one may rewrite Eq. (5.13) as,
∂µT
YM
µν + Fµν ·
δSgf
δAµ
= Fµν · δS
δAµ
. (5.14)
Because Sgf is BRST-exact and because QB commutes with Fµν · δδAµ , the second term of
Eq. (5.14) is a BRST-exact expression,
Fµν · δS
gf
δAµ
= sΣν , (5.15)
where
Σν ≡ Fµν · (i∂µc¯ + ϕλ × ∂µω¯λ) + γ1/2Tr ω¯µ × Fµν
sΣν = Fµν · [i∂µb+ ϕλ × ∂µϕ¯λ + ωλ × ∂µω¯λ + (i∂µc¯ + ϕλ × ∂µω¯λ)× c]
+ γ1/2 Tr [(ϕ¯µ − ϕµ)× Fµν − ω¯µ × (c× Fµν)] . (5.16)
We here used that sFµν = −c× Fµν . This gives,
∂µT
YM
µν + sΣν = Fµν ·
δS
δAµ
. (5.17)
Inserting this identity into a matrix element with the generic functional O and performing
the partial functional integration,〈
O Fµν · δS
δAµ(x)
〉
=
〈
Fµν · δO
δAµ(x)
〉
, (5.18)
one obtains an alternate form of the Ward identity4,
〈O ∂µTYMµν (x)〉 + 〈O sΣν(x)〉 =
〈
Fµν · δO
δAµ(x)
〉
. (5.19)
For Eq. (5.5) and Eq. (5.19) to be valid for any (not necessarily physical) functional O, we
must have that,
sΣν(x) = s∂µΞµν + gν(x)S + Fµν · δS
δAµ(x)
. (5.20)
4 Note that Eq. (5.19) is derived without calculating or even identifying the complete energy-momentum
tensor Tµν .
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Explicitly verifying Eq. (5.20) is straightforward, if tedious. It is more interesting to consider
Eq. (5.19) for a gauge-invariant physical observable O = I(A) = I(gA). The Ward identity
in this case takes the form of Eq. (5.12) except for the BRST-exact term,〈
I(A) ∂µT
YM
µν (x)
〉
+ 〈s(I(A) Σν)〉 =
〈
Fµν(x) · δI(A)
δAµ
(x)
〉
. (5.21)
To be consistent with Eq. (5.12), the expectation value of the BRST-exact functional in
Eq. (5.21) must vanish. This is compatible with the hypothesis of Eq. (1.4), because sΣν
is itself a (BRST-exact) physical observable that commutes with all phantom symmetries,5
sΣν ∈ Wphys.
6. DISCUSSION AND CONCLUSIONS
In this article we demonstrated that energy, momentum and angular momentum are well-
defined symmetry generators on the space Wphys of physical observables defined in Eq. (1.3)
and on the associated physical Hilbert space. We related two linearly independent Poincare´
algebras of conserved charges: the set of generators of space-time symmetries {P̂µ,M̂µν}
given by Eqs. (3.1–3.4) that do not commute with the BRST-charge QB and other phantom
charges, and the set of invariant generators that do, {Pµ,Mµν} of [3]. The two Poincare´
algebras differ by the phantom charges given in Eq. (3.18) and Eq. (3.19) and therefore
transform any physical observable F ∈ Wphys in the same way. We showed that the space
of physical observables Wphys is closed under isometries of Euclidean space-time and that
these symmetries are uniquely generated on Wphys.
The Hilbert space of the theory is reconstructed from the physical observables of Wphys.
With a non-vanishing Gribov parameter γ 6= 0, the ground state of the theory breaks
the BRST-symmetry spontaneously but remains translationally and rotationally invariant.
Space-time transformations act uniquely on the reconstructed invariant Hilbert space as
in Eq. (3.27). The vacuum breaks a number of phantom symmetries spontaneously, but
has vanishing ghost number and is colorless. The QR,µa of Eq. (A.14) generate interesting
unbroken phantom symmetries, that ensure (see Eq. (3.17)) the equality of auxiliary fermi-
ghost and Faddeev-Popov (FP) ghost propagators for any background connection.
5 To see this note that in Eq. (5.15), the gauge-fixing part of the action Sgf ∈ Wphys. The only phantom
charges that do not commute with Aν and
δ
δAν
are the generators of rigid gauge transformations QC given
in Eq. (A.11) and the nilpotent BRST-charge QB of Eq. (2.5). Both evidently leave sΣν invariant.
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Corresponding to its two Poincare´ algebras, the theory has two linearly independent
conserved symmetric EM-tensors: that of Belinfante, T̂µν of Eq. (B.12), which couples to a
gravitational background but does not commute with all phantom charges (also not BRST)
and another, Tµν , invariant under all phantom symmetries (including BRST). The two differ
by the symmetric tensor ∆µν given in Eq. (4.8). The latter is conserved up to equations of
motion of unphysical fields.
It was found, Eq. (4.10), that 〈∆µν〉 is proportional to the expectation value of a BRST-
exact density that vanishes [3], courtesy of the horizon condition, provided the symmetry
generated by QR,µa is unbroken. The vacuum energy-momentum density of the GZ-theory
in this sense is well-defined even though its BRST-symmetry is spontaneously broken.
In support of the hypothesis of Eq. (1.4), the criterion of Eq. (2.7) was used in [3] to prove
that the BRST-exact parts of the invariant energy-momentum tensor Tµν and of the action
S have vanishing expectation value. Although we cannot prove the hypothesis Eq. (1.4)
at present, we have found no evidence to the contrary. The GZ-theory thus is a candi-
date for a consistent quantization of classical YM-theory despite its spontaneously broken
BRST symmetry. The hypothesis in particular implies that gauge-invariant observables sat-
isfy the same physical Ward identity with the Yang-Mills energy-momentum tensor as in
perturbative Faddeev-Popov theory.
The hypothesis of Eq. (1.4) may be correct but too restrictive. Indeed there are exam-
ples of BRST-exact operators that are not in Wphys, whose expectation value was explicitly
shown to vanish [3]. Although not essential for the consistency of the theory, a less restric-
tive algebraic characterization of BRST-exact operators whose expectation value vanishes
is desireable. However, we have not been able to algebraically distinguish between the op-
erator sTrDµω¯ν(x), whose expectation value vanishes, and sTr∂µω¯ν(x) with non-vanishing
expectation value.
In summary, the Gribov mass parameter γ > 0 and associated mass gap of the GZ-theory
arise from the spontaneous dynamical breakdown of global symmetries as in other models
without an explicit low-energy (mass) scale. The corresponding gap equation is the horizon
condition of Eq. (2.6). The spontaneously broken symmetries in this theory are unphysical in
the sense that all observables are invariants. The breaking of these phantom symmetries dif-
fers from a conventional Higgs mechanism in that some of the broken symmetries (including
BRST) are fermionic. Despite the broken BRST symmetry, we find that this construction
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is surprisingly consistent. We have a symmetric energy momentum tensor Tµν that is a
physical observable, and the corresponding charges generate space-time isometries on the
subspace Wphys of physical observables and on the associated reconstructed physical Hilbert
space. Poincare´ symmetry is recovered in the physical sector of this theory, even though the
canonical generators of translation of Eq. (3.1) do not commute with the BRST-charge QB.
We speculate that the non-perturbative quantization of a non-abelian gauge theory main-
tains translational invariance and BRST symmetry in the physical sector only. A non-trivial
commutation relation between the BRST-charge and the momentum, like Eq. (3.7) in the
GZ-theory, implies that the ground state either is not translationally invariant or breaks
BRST (see Eq. (3.8)). The GZ-quantization breaks BRST symmetry spontaneously but
maintains translational and rotational invariance. Lattice regularization apparently explores
the complimentary scenario of strictly maintaining gauge symmetry at the expense of man-
ifest Poincare´ symmetry. On the lattice there is no global BRST-symmetry that respects
lattice symmetries [11] as well as the compactness of the structure group [12, 13]. Con-
straining configurations of a lattice gauge theory to the fundamental modular region by,
for instance, selecting a maximal tree of specified link variables, even breaks the discrete
translation and hypercubic symmetries. This also holds for any gauge of non-vanishing
degree [14]. Gauge-invariant correlators of course do not depend on the selected maximal
tree and the explicitly broken Poincare´ symmetry of the lattice gauge theory presumably is
restored in the continuum limit for gauge invariant observables. The regularized GZ-theory
on the other hand maintains Poincare´ symmetry but breaks BRST spontaneously. However
we found support for the hypothesis of Eq. (1.4) that BRST is regained where it counts [3],
and that expectation values of BRST-exact physical observables of Wphys indeed vanish in
the continuum theory.
Acknowlegements: MS would like to thank members of the physics department of New
York University for their hospitality.
Appendix A: Some Phantom Symmetries and their Generators
Phantom symmetries by definition [3] are unobservable continuous symmetries Any ob-
servable of the theory commutes with all phantom charges. We denote charges and gener-
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ators of phantom symmetries by QX , with the subscript X identifying the symmetry. For
reference we here collect the generators of phantom symmetries used in this article. We refer
the interested reader to [3] for the definitions of all the phantom symmetry generators in
the set,
F = {QB, QN , Q+, Qϕ¯,µ, Qω¯,µ, QaG, QaC , QaNL, Qac¯ , QR,µa, QS,µa, QE,µν ab, QF,µν ab, QaU,µb, QaV,µb} .
(A.1)
The most important of the phantom symmetries is BRST. It is a nilpotent symmetry
generated by the fermionic charge QB given in Eq. (2.5). Nilpotency means that the BRST
charge anticommutes with itself,
{QB, QB} = 0 (A.2)
as can be verified using Eq. (2.5). All physical observables are expected to be BRST-
invariant. Although it governs the structure and renormalizability of a gauge theory, the
BRST symmetry is fundamentally unobservable and thus the most prominent phantom
(symmetry). Together with the ghost number, QN , QB forms a BRST-doublet. It turns out
that all phantom symmetries are BRST-doublets.
Contrary to Faddeev-Popov theory in Landau gauge, GZ-theory does not appear6 to
possess a nilpotent anti-BRST charge that (anti-)commutes with QB nor an SL(2,R) sym-
metry [3].
The Poincare´ algebra of phantom charges of GZ-theory arises due to invariance of Eq. (2.2)
with respect to internal shifts and rotations of auxiliary fields. The variation δϕ¯aµb = ǫ¯µδ
a
b
with constant ǫ¯µ = 0 is one of them. This shift is generated by,
Qϕ¯,µ ≡
∫
ddx Tr
δ
δϕ¯µ
. (A.3)
The commutator of Qϕ¯,µ with the BRST charge QB of Eq. (2.5) gives the associated
phantom charge,
Qω¯,µ = −sQϕ¯,µ = −[QB, Qϕ¯,µ] ≡
∫
ddx Tr
δ
δω¯µ
, (A.4)
and (Qϕ¯,µ, Qω¯,µ) are a BRST-doublet of color-singlet charges. Note that invariance of physi-
cal operators under QB and Qω¯,µ implies their invariance under QB+aµQω¯,µ for an arbitrary
constant vector aµ. The choice of origin in the definition of the BRST-charge QB in Eq. (2.5)
thus is of no import for operators that commute with the phantom symmetry generator Qω¯,µ.
6 We at least could not find the corresponding generators.
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For transverse configurations, ∂µAµ = 0, the GZ-action of Eq. (2.1) by inspection also is
invariant with respect to the shift δωaµb = ǫµδ
a
b . This color singlet phantom symmetry is
generated by the charge,
Qω,µ ≡
∫
ddx qµ, (A.5)
with the density,
qµ ≡ Tr
[ δ
δωµ
+ iω¯µ × δ
δb
]
. (A.6)
The BRST-variation of Qω,µ is,
Qϕ,µ = sQω,µ = {QB, Qω,µ} ≡
∫
ddx pµ (A.7)
with the density,
pµ = sqµ = Tr
[ δ
δϕµ
+ iϕ¯µ × δ
δb
+ iω¯µ × δ
δc¯
]
. (A.8)
(Qω,µ, Qϕ,µ) thus is another BRST-doublet of color-singlet phantom generators.
Finally, at γ = 0, Lgf evidently is invariant under the internal symmetry δωaµb =
ǫµνϕ
a
νb; δϕ¯
a
µb = ǫµν ω¯
a
νb with antisymmetric ǫµν = −ǫνµ that rotates anti-commuting and
commuting auxiliary fields into each other. This phantom (super-)symmetry persists for
γ > 0 in an extended form generated by,
QN,µν ≡
∫
ddx
[
ϕν · δ
δωµ
+ ω¯ν · δ
δϕ¯µ
+ γ1/2xµqν
]
− [µ↔ ν]. (A.9)
The BRST-variation of QN,µν in Eq. (A.9) gives the generators of an internal O(4) symmetry
of the auxiliary ghost,
QM,µν = {QB, QN,µν} ≡
∫
ddx
[
sµν + γ
1/2xµ(pν − Tr δ
δϕ¯ν
)
]
− [µ↔ ν] (A.10)
with densities sµν and pµ given in Eq. (3.4) and Eq. (A.8) respectively.
In the GZ-theory, rigid color rotations are unbroken and generated by [3, 5, 8],
QC = ≡
∫
ddx
[
Aµ × δ
δAµ
+ c× δ
δc
+ c¯× δ
δc¯
+ b× δ
δb
+ ϕµa × δ
δϕµa
+ ϕ¯µa × δ
δϕ¯µa
+ωµa × δ
δωµa
+ ω¯µa × δ
δω¯µa
+ ϕaµ×˜
δ
δϕaµ
+ ϕ¯aµ×˜
δ
δϕ¯aµ
+ ωaµ×˜
δ
δωaµ
+ ω¯aµ×˜
δ
δω¯aµ
]
. (A.11)
Faddeev-Popov theory in Landau gauge and GZ-theory share the remarkable prop-
erty [15], that the color charge QC is BRST-exact. With the BRST-charge of Eq. (2.5) we
have that [8],
QaC = {QB, QaG} , (A.12)
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where
QG ≡
∫
ddx
[
− δ
δc
+ c¯× δ
δb
+ ϕµa × δ
δωµa
+ ω¯µa × δ
δϕ¯µa
+ ϕaµ×˜
δ
δωaµ
+ ω¯aµ×˜
δ
δϕ¯aµ
]
. (A.13)
The pairs (QaG, Q
a
C) thus are BRST doublets.
The GZ-theory in addition possesses a set of phantom symmetries in the adjoint that mix
auxiliary vector ghosts with FP-ghosts. Inspection of Lgf in Eq. (2.2) reveals the invariance,
δc¯a = iεµbω¯
a
µb, δω
a
µb = εµbc
a. This phantom symmetry is generated by the charges,
QR,µa =
∫
ddx[c · δ
δωµa
+ iω¯µa · δ
δc¯
] . (A.14)
of vanishing ghost number. We believe these to be unbroken phantom symmetries. Commut-
ing with the BRST-generator QB reveals another set of phantom generators in the adjoint
representation,
QS,µa = −[QB, QR,µa] =
∫
ddx[1
2
(c× c) · δ
δωµa
+ c · δ
δϕµa
− iϕ¯µa · δ
δc¯
− iγ1/2xµ δ
δc¯a
] , (A.15)
which are readily verified to commute with the GZ-action of Eq. (2.1).
For the definition of the other phantom charges of Eq. (A.1) and a more complete dis-
cussion we refer the interested reader to Appendix A of [3] .
Appendix B: The canonical EM-Tensor of the GZ-model
We here compute the canonical EM-Tensor T̂µν of Belinfante from the action S of Eq. (2.1)
written in general coordinates. To simplify some manipulations and for bookkeeping pur-
poses we introduce contra- and co-variantly transforming vector fields and a manifestly scalar
(graded) BRST-transformation s0F ≡ [Q0, F ]± by,
Q0 = QB|γ=0 =
∫
ddx
√−g
[
Dµc · δ
δAµ
− 1
2
(c× c) · δ
δc
+ b · δ
δc¯
+ ωµ · δ
δϕµ
+ ϕ¯µ · δ
δω¯µ
]
.
(B.1)
Although nilpotent, Q0 does not generate a symmetry
7 of the GZ-action for γ > 0, but
contrary to QB of Eq. (2.5), has the advantage of not depending explicitly on coordinates.
7 We merely use Q0 to facilitate calculation of the canonical EM-tensor. In this article we consider only
exact symmetries of the action and are not otherwise concerned with this operator, which generates an
explicitly (albeit softly) broken symmetry [6, 7, 16].
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In terms of s0, the gauge-fixing part of the GZ-action of Eq. (2.2) in general coordinates
may be written,
Lgf = γ1/2√−g Tr(gµνDνϕµ)− γ
√−g(N2 − 1) + s0Ψ0 , (B.2)
with
Ψ0 =
√−g{igµν(∂µc¯) ·Aν + ω¯µ;ν ·Dνϕµ − γ1/2 Tr(Aµ × ω¯µ)} . (B.3)
Note that ϕ¯µab = s0ω¯
µa
b are covariantly transforming auxiliary vector ghosts, whereas ω
a
µb =
s0ϕ
a
µb transform contravariantly. These assignments are compatible with Q0 in Eq. (B.1)
under coordinate transformations [s0Aµ = Dµc is similarly compatible]. However, s0 is not
a symmetry of the action and a part of Lgf is not s0-exact.
The covariant derivatives 8 of Eq. (B.3) are defined as,
ω¯
µa;ν
b ≡ gνρω¯µab ,ρ + gνσΓµρσω¯ρab (B.4a)
(Dνϕµb)
a ≡ ϕaµb;ν + (Aν × ϕµb)a = ϕaµb,ν + (Aν × ϕµb)a − Γρµνϕaρb (B.4b)
with a Christoffel symbol,
Γρµν = Γ
ρ
νµ ≡ 12gρσ (gσµ,ν + gσν,µ − gµν,σ) , (B.5)
that is symmetric in its lower indices. [gµν;ρ = gµν,ρ − gνσΓσµρ − gµσΓσνρ = 0.]
Let us first obtain the contribution s0Ξ̂µν to the energy-momentum tensor arising from
the term s0Ψ0 in Lgf of Eq. (B.2), where Ξ̂µν is defined in Eq. (B.9). We wish to compute
Ψ0 for,
gµν(x) = ηµν + 2ǫµν(x), (B.6)
to leading order9 in the deviation ǫµν from the metric ηµν . To this order we have,
gµν ≈ ηµν − 2ǫµν (B.7a)
√−g ≈ 1− ǫµνηµν (B.7b)
Γρµν ≈ ǫ ,ρµν − ǫρµ,ν − ǫρν,µ . (B.7c)
8 Following convention [17], covariant derivatives in this Appendix are denoted by a semicolon and partial
derivatives by a comma, that is Xµ;κ ≡ ∇κXµ, Xµ,κ ≡ ∂κXµ.
9 A ≈ B here means that expressions A and B coincide to leading non-trivial order in ǫµν . By taking the
leading deviation from the Minkowski metric to be 2ǫµν we avoid a proliferation of factors 1/2.
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To leading order, indices in terms proportional to ǫ have here been ”pulled” by the space-
time independent Minkowski metric ηµν . Inserting the expressions of Eq. (B.7) in Eq. (B.4)
one obtains that to leading order in ǫµν ,
ω¯
µa;ν
b ≈ ω¯µa,νb + 2ǫνρωµab ,ρ − (ǫµν,ρ + ǫρµ,ν − ǫρν,µ) ω¯aρb (B.8a)
(Dνϕµb)
a ≈ ϕaµb,ν + (Aν × ϕµb)a + (ǫρµ,ν + ǫρν,µ − ǫµν,ρ)ϕρab (B.8b)
With these expressions and those of Eq. (B.7), the terms proportional to ǫµν of Ψ0 are,
Ψ0 ≈ Ψ0|gµν=ηµν + ǫµνΞ̂µν with,
Ξ̂µν = ic¯,µ · Aν + ic¯,ν ·Aµ − ηµνic¯,ρ · Aρ + (Gρνµ +Gρµν −Gµνρ),ρ
+ ω¯ρ,ν ·Dµϕρ + ω¯ρ,µ ·Dνϕρ − ηµν
(
ω¯ρ,σ ·Dσϕρ − γ1/2 Tr(Aρ × ω¯ρ)
)
, (B.9)
where,
Gµνρ = Gνµρ =
1
2
(ω¯µ ·Dνϕρ − ω¯µ ,ν · ϕρ + ω¯ν ·Dµϕρ − ω¯ν ,µ · ϕρ) , (B.10)
arises from the Christoffel symbols of Eq. (B.7c) associated with the vector auxiliary ghosts.
With the covariant derivative of Eq. (B.8b), the contribution to the canonical energy mo-
mentum tensor from the remaining terms of Lgf in Eq. (B.2) is,
ηµνγd(N
2 − 1) + γ1/2 Tr [Aµ × ϕν + Aν × ϕµ − ηµν(Aρ × ϕρ)] . (B.11)
Note that the total (covariant) divergence in Eq. (B.2) does not contribute to the energy-
momentum tensor. Adding a term −γ1/2√−gTrω¯µ;µ to Ψ0 in Eq. (B.3) for an explicitly
(gauge-)covariant divergence does not alter the canonical energy-momentum tensor either.
The canonical symmetric energy momentum tensor of the GZ-model thus is,
T̂µν = T
YM
µν +ηµνγd(N
2−1)+γ1/2 Tr [Aµ × ϕν + Aν × ϕµ − ηµν(Aρ × ϕρ)]+s0Ξ̂µν , (B.12)
with Ξ̂µν given in Eq. (B.9) and s0 generated by Q0 of Eq. (B.1).
The canonical energy momentum tensor of Eq. (B.12) differs from the invariant energy
momentum tensor Tµν obtained in [3] and reproduced in Eq. (4.1). To compute the difference
efficiently, we rewrite the BRST-exact term of Tµν as an s0 variation and a remainder,
Tµν = T
YM
µν + δµνγ(d− 2)(N2 − 1) + γ1/2Tr [Dνϕµ +Dµϕν − δµνDκϕκ] + s0Ξµν . (B.13)
The difference, ∆µν of Eq. (4.7), between the canonical- and the invariant- symmetric
energy momentum tensors of the GZ-theory thus is,
∆µν = T̂µν−Tµν = s0(Ξ̂µν−Ξµν)+2δµνγ(N2−1)−γ1/2 Tr
[
ϕµ,ν + ϕν,µ − ηµνϕ ,ρρ
]
. (B.14)
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Written out explicitly, the first contribution is,
s0(Ξ̂µν − Ξµν) = s0(Gρνµ +Gρµν −Gµνρ),ρ + γ1/2s0 Tr
[
Dµω¯ν +Dνω¯µ − ηµν ω¯ρ,ρ
]
(B.15)
=
[
(Hρνµ +Hρµν −Hµνρ),ρ + γ1/2 Tr(Dµϕ¯ν + (Dµc)× ω¯ν − 12ηµνϕ¯ρ,ρ)
]
+ [µ↔ ν] ,
with Hµνρ defined in Eq. (4.9) and satisfying,
s0Gµνρ = Hµνρ +Hνµρ . (B.16)
If the canonical and invariant EM-tensors are both conserved, the divergence of their
difference should be proportional to equations of motion of unphysical fields only. It is
interesting to verify this explicitly. The definition of Eq. (B.10) implies that,
(Gρνµ +Gρµν −Gµνρ),ρν = G ,ρνρνµ = (ω¯ρ ·Dνϕµ − ω¯ρ,ν · ϕµ),ρν
= (ω¯ρ · ∂ν(Dνϕµ) + ω¯,νρ · (Aν × ϕµ)− ω¯ ,νρ,ν · ϕµ),ρ
= (ω¯ν · ∂ρ(Dρϕµ)− (Dρ∂ρω¯ν) · ϕµ),ν , (B.17)
and the divergence of ∆µν can therefore be written,
∆ ,νµν = s0(Ξ̂µν − Ξµν),ν − γ1/2Tr ∂νϕ ,νµ
= Tr∂ν(s0[ω¯ν · ∂ρDρϕµ − (Dρ∂ρω¯ν) · ϕµ + γ1/2(Aµ × ω¯ν +Dν ω¯µ)]− γ1/2∂νϕµ)
= ∂ν(
δS
δϕν
· ϕµ − δS
δων
· ωµ − ϕ¯ν · δS
δϕ¯µ
− ω¯ν · δS
δω¯µ
)
+ γ1/2Tr (i
δS
δb
× ϕ¯µ − iδS
δc¯
× ω¯µ − δS
δϕµ
+
δS
δϕ¯µ
)
= ∂ν(ϕµ · δS
δϕν
+ ωµ · δS
δων
− ϕ¯ν · δS
δϕ¯µ
− ω¯ν · δS
δω¯µ
) + γ1/2(Tr
δS
δϕ¯µ
− pµS) . (B.18)
Here we made use of the equations of motion of ω, ϕ¯, c¯ and the Nakanishi Lautrup field b,
δS
δωµ
= −Dν∂ν ω¯µ , δS
δϕ¯µ
= −∂νDνϕµ + γ1/2Aµ× , δS
δb
= −i∂νAν , δS
δc¯
= i∂νDνc ,
(B.19)
as well as those of ϕ and ω¯ written in the form,
δS
δϕµ
= −s0Dν∂ν ω¯µ + γ1/2Aµ× =−Dνc× ω¯µ,ν −Dν∂νϕ¯µ + γ1/2Aµ× (B.20a)
δS
δω¯µ
= s0∂
νDνϕµ − γ1/2Dµc× =(Dνc× ϕµ),ν + ∂νDνω¯µ − γ1/2Dµc× . (B.20b)
Eq. (B.18) shows that the divergence of the difference ∆µν = T̂µν−Tµν of the canonical- and
invariant- energy momentum tensors is proportional to equations of motion of unphysical
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fields. Since we proved that the invariant EM-tensor, Tµν , is conserved in [3], both energy
momentum tensors are conserved onshell. Eq. (B.18) also shows that ∆µν is the conserved
Noether current corresponding to the phantom symmetry generated by P˜µ ≡ Qϕ¯,µ − Qϕ,µ.
Since ∆µν is a symmetric conserved tensor, the currents xµ∆ρν − xν∆ρµ are also conserved
and correspond to the Noether currents of the symmetries generated by the phantom charges
M˜µν ≡ QM,µν of Eq. (A.10).
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